




















One qubit almost completely reveals the dynamics of two
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From the time dependence of states of one of them, the dynamics of two interacting qubits is
determined to be one of two possibilities that differ only by a change of signs of parameters in the
Hamiltonian. The only exception is a simple particular case where four of the nine parameters in
the Hamiltonian are zero and one of the remaining nonzero parameters has no effect on the time
dependence of states of the one qubit. The mean values that describe the initial state of the other
qubit and of the correlations between the two qubits also are generally determined to within a
change of signs by the time dependence of states of the one qubit, but with many more exceptions.
Comparison with a classical analog shows that the feedback in the equations of motion that allows
time dependence in a subsystem to determine the dynamics of the larger system can occur in both
classical and quantum mechanics. The role of quantum mechanics here is just to identify qubits as
the simplest objects to consider and specify the form that equations of motion for two interacting
qubits can take.
I. INTRODUCTION
What can we learn about the dynamics of two interact-
ing qubits by observing the time dependence of states of
one of them? How much can the dynamics of the two be
changed without changing the time dependence of states
of the one? We will show that the dynamics of the two
can be changed only by a change of signs of parameters
in the Hamiltonian. There are only two simply related
possibilities for the dynamics of the two qubits that give
the same time dependence for the states of the one. This
is set out in sections II-IV.
There is only one exception: in a simple particular case
where four of the nine parameters in the Hamiltonian are
zero, one of the remaining nonzero parameters can vary
over the whole range of real numbers without changing
the time dependence of states of the observed qubit. This
is described in Section V.
Determining the dynamics of the two qubits generally
takes three time derivatives at time zero, expansion to
third order in powers of time, of the mean values that
describe the states of the observed qubit evolving in time,
but it can take six time derivatives when some of the
parameters in the Hamiltonian are zero.
The mean values that describe the initial state of the
unobserved qubit and of the correlations between the two




of signs by the time dependence of states of the observed
qubit. This generally takes four time derivatives. There
are many exceptions. This is described in Section VI.
This shows that quantum process tomography [1, 2,
3, 4, 5, 6, 7, 8, 9, 10] - the reconstruction of the time
evolution of an open quantum system - can provide in-
formation about the nature of the environment and the
interaction between the system and the environment.
Comparison with a classical analog, in Section VII,
shows that quantum mechanics plays minor roles. Feed-
back in the equations of motion is what lets time de-
pendence in a subsystem determine the dynamics of the
larger system. This can happen in both classical and
quantum mechanics. Here, quantum mechanics simply
identifies qubits as the simplest objects to consider and
specifies the form that equations of motion for the two
interacting qubits can take.
II. METHOD
We consider two qubits, one described with Pauli ma-
trices Σ1, Σ2, Σ3 and the other with Pauli matrices Ξ1,
Ξ2, Ξ3. We assume the two qubits interact with each
other but not with anything else. Then there are Σj












with real parameters αj , βk, γk because [11, 12] rotations
of the Σj and Ξk can change a γjkΣjΞk to a γkΣkΞk.
When an index j or k is repeated, there is to be a sum
over the values 1, 2, 3 for that index.
2In almost all cases, the dynamics of the two qubits is
almost completely determined by the time dependence of







= unj(t)〈Σj〉+ vnk(t)〈Ξk〉+ wnjk〈ΣjΞk〉
(2.2)
for n = 1, 2, 3 which describe the states of the Σ qubit at
time t. We consider variable initial states of the Σ qubit
described by variable mean values 〈Σj〉. The unj(t) are
determined by the 〈Σn〉(t) for variable 〈Σj〉. We will
see that the dynamics for the two qubits is almost com-
pletely determined by the unj(t). Later we will see that
generally the 〈Ξk〉 and 〈ΣjΞk〉 also are almost completely
determined, so the initial state of the Ξ qubit and of the
correlations between the two qubits is almost completely
determined by the time dependence of states of the Σ
qubit, but nothing more can be learned about the dy-
namics from the 〈Ξk〉, 〈ΣjΞk〉 and unk(t), wnjk(t).
The same dynamics may be described by different Σj ,
Ξk. There may be changes of the Σj , Ξk that do not
change the Hamiltonian, or that do change the way the
Hamiltonian is expressed in terms of the Σj , Ξk but do
not change the dynamics. We will not be concerned with
the differences made by these changes.
The time dependence of states of the Σ qubit can be
described [12, 13] by maps of the mean values 〈Σj〉. Of
the 〈Σj〉, 〈Ξk〉, 〈ΣjΞk〉, the 〈Σj〉 describe the state of
the Σ qubit, and the 〈Ξk〉 and 〈ΣjΞk〉 are considered
to be parameters of the maps that describe how the dy-
namics of the two qubits drives the evolution of the Σ
qubit [12, 13]. Different 〈Ξk〉 or 〈ΣjΞk〉 specify different
maps. Each map applies to variable states of the Σ qubit
described by variable 〈Σj〉. In almost all cases, the dy-
namics of the two qubits is almost completely determined
by any one of these maps.
III. MAGNITUDES
We calculate unj(t) as a series in powers of t by iden-
tifying the coefficients of Σj in the power series for
eitHΣne





= α2Σ3 − α3Σ2 + γ2Σ3Ξ2 − γ3Σ2Ξ3 (3.1)
for n = 1. The coefficients of the Σj in this and the sim-


















































In third order, in −i[ , H ] applied to Σ1 three times,
the Σj terms that involve things not already determined
are
γ1γ2β3Σ2 − γ3γ1β2Σ3. (3.3)
These and the similar terms in −i[ , H ] applied to Σ2
and Σ3 three times determine γ1γ2β3, γ2γ3β1, γ3γ1β2.
We consider representative cases:
(i) None of γ1, γ2, γ3 are zero;
(ii) γ1 = 0, γ2 6= 0, γ3 6= 0;
(iii) γ1 = 0, γ2 = 0, γ3 6= 0.
In case (i), the magnitudes of β1, β2, β3 are determined.
In case (ii), the magnitude of β1 is determined. In case
(iii), nothing new is determined. We will consider signs
in Section IV.
In fourth order, in −i[ , H ] applied to Σ1 four times,

















+γ1γ2β1β2Σ2 + γ1γ3β1β3Σ3. (3.4)
These and the similar terms in −i[ , H ] applied to Σ2

























In case (ii), all the magnitudes of β1, β2, β3 are now
determined, In case (i) they were already determined.
The rest of this section is for case (iii). There only
(β1)
2+(β2)
2 is determined. That is all that can be deter-
mined about β1, β2. In case (iii), the Hamiltonian con-
tains β1, β2 only in β1Ξ1 + β2Ξ2. It is not changed if β1,
β2 are changed as the components of a two-dimensional
vector that is rotated when Ξ1, Ξ2 are changed the same
way. The dynamics is not changed for either qubit or
for the system of two qubits when the Ξ1, Ξ2 used to
describe the Ξ qubit are changed. In case (iii), there
are Ξ1, Ξ2 for which the dynamics is described by the
Hamiltonian (2.1) with β1 positive and β2 zero. Hence
we assume that is the case.
In sixth order, in −i[ , H ] applied to Σ1 six times, there
is a term −(γ3)
2(β1)
2(β3)
2Σ1 that, for case (iii), deter-
mines (β3)
2 when (β1)
2 is not zero. Case (iii) with β1,
β2 both zero is the one exception overall. It is described
in Section V.
IV. SIGNS
All the magnitudes of the parameters α, β, γ are de-
termined in all cases except the one described in Sec. V.
The signs of α1, α2, α3 also are determined. We can
change the signs of any two of Ξ1, Ξ2, Ξ3. That allows
3us to choose Ξ1, Ξ2 Ξ3 so that neither γ2 nor γ3 is neg-
ative. Hence we assume that is the case. Then the sign
of β1 is determined in cases (i) and (ii) because γ2γ3β1
is determined. We are taking β1 to be positive in case
(iii). Only the signs of γ1, β2, β3 are not determined.
Can signs of γ1, β2, β3 be changed without changing
the time dependence of states of the Σ qubit? In case (i),
if the sign of any one of γ1, β2, β3 is changed, the signs of
all three must be changed, because γ1γ2β3, γ3γ1β2 and
γ2γ3β2β3 are determined. In case (ii), if the sign of β2 or
β3 is changed, the signs of both must be changed, because
γ2γ3β2β3 is determined. In case (iii), we are taking β2
to zero, so the sign of β3 is the only one that can be
changed. In all cases, the only change that can be made
is the change of signs of all the γ1, β2, β3 that are not
zero.
Changing the signs of γ1, β2, β3 does not change the
time dependence of states of the Σ qubit. This change
of signs relates two different Hamiltonians that describe
different dynamics for the two qubits but give the same
time dependence for states of the Σ qubit. We will show
this in two steps. In this section we show that the two
Hamiltonians give the same unj(t), because the change
of signs makes no difference in any Σj terms in the power
series for the eitHΣne
−itH . In Sec. VI we will show
that the two Hamiltonians give the same vnk(t)〈Ξk〉 and
wnjk(t)〈ΣjΞk〉.
Let M be one of the Σj , Ξk, or ΣjΞk. Consider
one of the times that M occurs in a power series for a
eitHΣne
−itH . There are powers of the parameters α, β, γ
multiplying M . Let p be the power of γ1 plus the power
of β2 plus the power of β3. Now consider all the times
that M occurs in the power series for the eitHΣne
−itH .
For each M , either p is even every time M occurs or p is
odd every time M occurs. It is even for
Σj , ΣjΞ2, ΣjΞ3, Ξ1, (4.1)
which we call blue operators, and odd for
ΣjΞ1, Ξ2, Ξ3, (4.2)
which we call red operators. To see how this happens,
consider how p can change. The power series are gener-
ated by repeated application of [ , H ]. Each [ , γ1Σ1Ξ1]
brings in a power of γ1, each [ , β2Ξ2] a power of β2, and
each [ , β3Ξ3] a power of β3, so p increases by 1 with each
[ , G] where G is a term of H that is a parameter times a
red operator, and p does not change when G is a param-
eter times a blue operator. The commutator of two blue
operators is a blue operator, the commutator of two red
operators is a blue operator, and the commutator of a
blue operator and a red operator is a red operator. The
[ , G] that change p are the [ , G] that take blue operators
to red operators and red operators to blue operators, and
the [ , G] that do not change p are those that take blue
to blue and red to red. A change of p between even and
odd is a change of color. When an M recurs, its p has
changed between even and odd an even number of times.
For each M , either p is even every time M occurs or p is
odd every time M occurs. Since p is zero for the Σn at
the start, p must be even for the blue operators and odd
for the red operators.
In particular, p is even for the Σj . The Σj terms are not
changed by the change of the signs of γ1, β2, β3. The Σj
terms, the unj(t), cannot distinguish the two possibilities
for the dynamics of the two qubits.
V. THE EXCEPTION
The one exception is represented by case (iii) with β1,
β2 both zero. Then the Hamiltonian is
H = αjΣj + γ3Σ3Ξ3 + β3Ξ3. (5.1)
Here β3 can vary over the whole range of real numbers
without changing the time dependence of states of the Σ
qubit; the β3Ξ3 term commutes with the rest of H and
with Σ1, Σ2, Σ3.
VI. THE TWO-QUBIT STATE
The mean values 〈Ξk〉 and 〈ΣjΞk〉 describe the initial
state of the Ξ qubit and of the correlations between the
two qubits. They also are generally determined to within
a change of signs by the time dependence of states of the
Σ qubit. We have two possibilities for the dynamics of
the two qubits. For each possibility, the parameters α, β,
γ are determined by the time dependence of states of the
Σ qubit, so the Hamiltonian H and the vnk(t), wnjk(t)
are determined. The mean values 〈Σn〉(t) that describe
states of the Σ qubit in time provide linear equations
(2.2) for the 〈Ξk〉, 〈ΣjΞk〉. The twelve 〈Ξk〉, 〈ΣjΞk〉 gen-
erally are determined by the four time derivatives in the





to fourth order for
the three values of n. There are many exceptions. For
example, in the case we have described [13] where γ3 is
the only one of the α, β, γ that is not zero, only 〈Σ1Ξ3〉
and 〈Σ2Ξ3〉 are determined, and when only γ2 and γ3 are
nonzero, only 〈Ξ1〉, 〈Σ1Ξ2〉, 〈Σ1Ξ3〉, 〈Σ2Ξ3〉, 〈Σ3Ξ2〉 are
determined; the other 〈Ξk〉 and 〈ΣjΞk〉 have no effect on
the time dependence of states of the Σ qubit.
The 〈Ξk〉, 〈ΣjΞk〉 for one possibility for the dynamics
of the two qubits are changed to the 〈Ξk〉, 〈ΣjΞk〉 for the
other possibility by just changing the signs of the 〈ΣjΞ1〉,
〈Ξ2〉, 〈Ξ3〉. This follows from what we learned in Sec. IV.
Let M be one of the Ξk or ΣjΞk. Every time 〈M〉 occurs
in the power series for the equations (2.2) it is multiplied
by powers of the α, β, γ for which p is even if M is a blue
operator, odd if M is a red operator. Changing from one
possibility for the dynamics to the other, changing the
signs of γ1, β2, β3, changes the equations for the 〈Ξk〉,
〈ΣjΞk〉 by just changing the signs of the terms for which
p is odd. That just changes the signs of the coefficients
of the 〈M〉 for which M is a red operator, the coefficients
of the 〈ΣjΞ1〉, 〈Ξ2〉, 〈Ξ3〉. The equations for the 〈Ξk〉,
〈ΣjΞk〉 for one possibility for the dynamics are the same
4as the equations for the other possibility for 〈Ξk〉, 〈ΣjΞk〉
with the signs of the 〈ΣjΞ1〉, 〈Ξ2〉, 〈Ξ3〉 changed.
Now we can see that the time dependence of states
of the Σ qubit does not distinguish the two possibilities
for the dynamics of the two qubits. The mean values
〈Σn〉(t) that describe the states of the Σ qubit in time
provide Eqs. (2.2). Some of the terms of the power se-
ries for these equations generally determine the 〈Ξk〉 and
〈ΣjΞk〉. When these 〈Ξk〉 and 〈ΣjΞk〉 are used in the re-
maining terms, the equations obtained are the same for
the two possibilities for the dynamics of the two qubits.
Again let M be one of the Ξk or ΣjΞk. If M is a blue
operator, then both 〈M〉 and the powers of α, β, γ that
multiply it in these equations are the same for the two
possibilities. If M is a red operator, then both 〈M〉 and
the powers of α, β, γ that multiply it have the same mag-
nitude and opposite signs for the two possibilities. The
ability of Eqs. (2.2) to distinguish the two possibilities is
not increased in the exceptional cases where some of the
〈Ξk〉 or 〈ΣjΞk〉 are not determined.
VII. A CLASSICAL ANALOG
To see how much quantum mechanics is involved, we
consider a classical analog. Let x and y′ be real variables






= δx+ βy′ (7.1)
with real parameters α, β, γ′, δ. We assume that neither
γ′ nor δ is zero, and if γ′ is negative we change the signs











= αx + γy,
dy
dt
= ±γx+ βy (7.3)
with the ± the sign of δ, and
d2x
dt2
= α2x± γ2x+ γ(α+ β)y
d3x
dt3
= (α3 ± 2αγ2)x± γ2βx
+(α2γ + αβγ + β2γ ± γ3)y. (7.4)
Looking at the time derivatives of x for variable x, we
learn α from dx/dt, then γ2 and the ± sign from dx2/dt2,
and β from d3x/dt3. The parameters in the equations of
motion for x and y are determined from the power series
for the time dependence of x for variable initial values of
x. The initial value of y is determined from the terms in
the derivatives of x that do not depend on x.
When neither γ′ nor δ is zero, there is a y for which
the dynamics of x and y us described by the equations of
motion (7.3). Then there is feedback from the equation of
motion for y to the time dependence of x that depends on
the initial value of x and allows all the parameters in the
equations of motion for x and y to be determined from
the time dependence of x alone. There is no quantum
mechanics here.
For qubits, we needed quantum mechanics just to
identify qubits as the simplest objects to consider and
to specify the form that equations of motion for two
qubits can take. Everything we learned can be obtained
from the equations of motion for the mean values 〈Σj〉,
〈Ξk〉, 〈ΣjΞk〉. There is no reason in principle that these
could not be classical equations of motion for some sys-
tem. They could even be Hamiltonian equations, with a
Hamiltonian function of the form (2.1), for classical spin
variables with suitably defined Poisson brackets [14].
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